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Abstract. In this work, we introduce a general form of the Navier-Stokes
equations for Generalized Newtonian fluids with an Ostwald power-law.
The derivation, based on the covariant formalism, is frame-independent
and gives rise to a source term in the Navier-Stokes equations referred to
as the Ostwald vector which is characterized by the power-law exponent.
The governing equations are then simplified in the long-wave approx-
imation framework and applied to the spreading of an axisymmetric
gravity current in the creeping flow regime. Well-known spreading laws
are recovered through similarity solutions and a new derivation based
on scaling arguments is proposed. Experimental results related to the
spreading of gravity current are then presented and the potential to
infer unknown rheological parameters from spreading rates is critically
discussed in the context of a thorough error analysis.
1 Introduction
Non-Newtonian fluids appear frequently in our daily life. Unfortunately,
the dependence of their viscosity on the applied stress makes them hard to
model theoretically. Understanding their behaviour is important for indus-
trial and experimental applications. Up to now, a widely used and accepted
way to describe the non-Newtonian response to an applied stress is using
the Ostwald power-law which is applicable for Generalized Newtonian fluids.
However, a simpler form of this power-law is more commonly used, writing
ζ = Kγ̇n, where ζ is the shear stress, γ̇ the shear rate and K the consis-
tency index (see [13] for example) irrespectively of the geometry considered
and the corresponding coordinate system. The purpose of the present work
is to derive, using and justifying the Ostwald power-law, an equivalent form
of the Navier-Stokes equation for fluids with a power-law rheology using the
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covariance formalism. Hence, the resulting equations are valid irrespective of
the coordinate system. After establishing the general equivalent form of the
Navier-Stokes equation for Ostwald power-law fluids, our aim is to apply it
for the study of droplets spreading under the action of gravity and to in-
vestigate the effect of the non-Newtonian rheology on the spreading radius
variation. Some experimental results will be presented in order to support
the theoretical approach.
The spreading of non-Newtonian droplets has attracted much attention
in the past because of its prevalence in a number of contexts such as the
spreading of pesticide on leaves, inkjet printers, or the spreading of geophys-
ical fluids. Much insight was made possible by the seminal work of Gratton
et al. [7] who derived a similarity solution for the axisymmetric spreading of
a gravity current of a power-law fluid. The analysis was later extended by
Starov et al. [19] to include the effect of capillarity. Rafäı et al. [15] stud-
ied the spreading of non-Newtonian droplets experimentally and concluded
that the 1/10 exponent of Tanner’s law [20] describing the evolution of the
spread radius was remarkably robust. Ahmed et al. [1] solved numerically
the two-dimensional form of the lubrication approximation with a power-law
rheology to study the spreading and sliding of a non-Newtonian droplet down
an inclined plane. Recently, the effect of a more complex rheology on the wet-
ting dynamics has been investigated. Balmforth et al. [2] studied the effect
of viscoplasticity using the Herschel-Bulkley constitutive law while Uppal et
al. included the effect of thixotropy in the spreading dynamics [21].
The ability to correctly predict the spreading of droplets or gravity cur-
rents opens up the opportunity to indirectly infer the viscosity or the rheology
of the fluid from spreading rate observations. This is important when the fluid
is not directly accessible for safety reason. For example, Foit [6] envisaged to
use the spreading laws of isothermal and non-isothermal gravity current to
deduce the viscosity of radioactive melts during a hypothetical core melt-
down. In the food industry, the consistency of food product is often assessed
using a Botswick consistometer, the idea of which is simply to let a fix volume
of fluid spread on a surface and monitor its spreading rate. Corresponding
theoretical models were developed in [14, 13, 2]. In a related study, Sellier
et al. [18] deduced the viscosity of aerosol matter by considering the rate of
closure of a dry hole poked in a sessile droplet of that matter. The spreading
of a power-law gravity current was recently studied by Sayag and Worster
[16] and Longo et al. [11] for the constant volume or constant flux release.
The authors demonstrate that the power-law rheological parameters can in
principle be deduced from spreading experiments but more reliably/generally
so in the constant flux case.
The main purpose of this paper is to introduce a general form of the
Navier-Stokes equations for Generalized Newtonian fluids with an Ostwald
power-law. This general form is then reduced to the required form to describe
the spreading of a power-law droplet. The paper then describes in detail the
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derivation of a similarity solution for the governing equations. This deriva-
tion is supported by a scaling law analysis which support the spreading laws
predicted by the similarity solutions. Experimental data on the spreading
of different liquids are finally presented and discussed in the context of the
spreading laws earlier derived.
2 Non-Newtonian fluids and the Ostwald power-law
2.1 Covariance formalism
Covariance is a very useful concept. Being able to change easily the
working coordinates is all the more important in fluid mechanics where the
common flow domains are conveniently described by varied coordinate sys-
tems: Cartesian, cylindrical or spherical. Writing equations in a covariant
form makes them independent of the working coordinate system. The equa-




= ~fV + div[σ], (1)
where ~fV represents the volume forces and [σ] the stress tensor. The first
step in order to work with covariant equations is to write [σ] in the correct
tensorial form. The covariant form of the stress tensor’s (i, j) component for
a Newtonian fluids is
σij = (−p+ ξDkvk)gij + 2ηSij , (2)
where [g] is the space metric tensor, Di is the covariant derivative given
by Div
j = ∂iv
j + vkΓjik (Γ
j
ik being the Christoffel symbol of the 2
nd kind)
and Sij = 12 (g
ikDkv
j + gjkDkv
i). The idea of the covariant derivation is
to consider both the variation of the component (expressed in the partial
derivatives) and the variations of the basis vectors themselves (expressed in
the Christoffel terms), see [5]. The Christoffel symbols can easily be calculated
for cylindrical and spherical coordinates and they all are equal to zero for
Cartesian coordinates.
2.2 Ostwald power-law
In order to describe the behaviour of non-Newtonian fluids, Ostwald
proposed a phenomenological law. He designed his law to be a generalization
of the Newtonian behaviour (the law is applied for the so-called Generalized
Newtonian fluids). Ostwald looked for a simple, tensorial law. In order to keep
a tensorial aspect, he used the tensorial components of the strain rate tensor.
The pre-factor he added to the tensor needed to be a scalar because of the
isotropy of the fluid. To keep the tensorial aspect of the law, the pre-factor
had to be an invariant of the strain rate tensor. The first invariant, the trace,
is zero in the case of incompressible flows. The third one, the determinant, is
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not quadratic and is zero in the case of a planar constraint1. The most simple
invariant to use is thus the second one, 12 (Tr[S]
2 − Tr[S2]).
At this point, Ostwald could have chosen either a power law or a poly-
nomial law to describe the stress of non-Newtonian fluids. The power law has
the advantage that the exponent may be non-integer. He chose the latter,
and designed his law in order to have n = 1 for Newtonian fluids. For an
incompressible flow, the Ostwald law in covariant form is:
σij = −pgij + 2K(2SlkSkl)
n−1





2 Sij , (3)
where we have introduced the characteristic time τ in order to make 2SlkS
kl
dimensionless. Henceforth, we will refer to the scalar pre-factor 2τ2SlkS
kl
as α (which is dimensionless)2 and to Kτn−1 as η0 which has the dimension
of a viscosity. Another explanation of this law can be found in [17] where
Schowalter uses linear algebra in order to justify the law; unfortunately he
comes to the conclusion that the Ostwald-de Waele model is “in fact not a law
at all, but an attempt to find an empirical curve fitting with the maximum
of simplicity”.
2.3 Generalized Navier-Stokes equation
In the framework of the Ostwald power-law and in covariant formalism,
the stress tensor for an incompressible flow is thus given by (see eq. (3))
σij = −pgij + 2η0α
n−1
2 Sij , (4)
Let us recall that Sij = 12 (g
irDrv
j + gjrDrv
i) and α = 2τ2SlkS
kl. Taking
the divergence of the tensor, we get:
(Div[σ])i = −Djpgij + 2η0Dj(α
n−1
2 Sij)















But because the metrics covariant derivative is zero, the above can be rewrit-
ten as:










And since the covariant derivatives commute in flat space, we have:
= −( ~Gradp)i + η0α
n−1
2 girDr(Div~v) + η0α
n−1




= −( ~Gradp)i + η0α
n−1
2 ( ~Grad(Div~v))i + η0α
n−1




1In planar constraint, one of the eigenvalues is zero, which makes the determinant equal
to zero.
2The factor of 2 is just here for a convenience purpose.
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One may define an effective viscosity ηeff = η0α
n−1
2 and introduce the
Ostwald vector ~O whose contravariant i-component is Oi = 1αDj(α)S
ij =
Dj(lnα)S





) = ~fV − ~Gradp+ ηeff∆~v + (n− 1)ηeff ~O, (5)
where ~fV are the forces per unit volume. One can easily check that, setting
n = 1 (which corresponds to the Newtonian case) in the above equation (5),
the regular Navier-Stokes equation for incompressible flows is recovered. Note
that, written as it is, equation (5) is automatically covariant.
3 Application to droplet spreading
3.1 Evolution of the spreading radius: the Newtonian case
In order to study the spreading of a non-Newtonian droplet, a prelimi-
nary step consists in considering the Newtonian case. Next, the generalization
to non-Newtonian fluids can be done. Figure 1 displays the notations used in
Figure 1. Spreading of an axisymmetric droplet in the z=0 plane.
the following. We will assume hereafter that the lubrication approximation
applies, i.e. vertical length scale small relative to radial length scale, incom-
pressible flow, low Reynolds number, and negligible surface tension effects.
As such, we model the droplet’s flow as a gravity current. The Navier-Stokes




= ρ(∂t~v + (~v. ~grad)~v) = − ~gradp+ η4~v + ρ~g (6)
The projection of (6) on the r and z axis gives, with ν = ηρ :{
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Let us introduce the function f(r, z, t) = z − h(r, t). For a fluid particle at
the air-liquid interface, we have by definition f = 0. Now the fluid particle
is a Lagrangian invariant, thus DfDt = 0. Since
Df
Dt = vz − ∂th − vr(r, z =
h, t)∂rh = 0, we have:
vz = ∂th+ vr(r, z = h(r, t), t)∂rh (9)
One integrates the continuity equation over the thickness of the droplet. The




∂r(ρrvr) + ∂z(ρvz) = 0 (10)
with ρ(r, z, t) = ρΘ(h(r, t) − z) where Θ is the Heaviside function. Be-






dzδ(h − z) = ρ∂th and∫∞
0
dz∂z(ρvz) = (ρvz)∞−(ρZ)0 = 0 because ρ∞ = 0 and (vz)0 = 0 Therefore







dzvr(r, z, t)) = 0 (11)
If one assumes that the viscosity term can be neglected in the z-projection
of the simplified Navier-Stokes equation (8), then the pressure follows an
hydrostatic law given by:
p(r, z, t) = p0 − ρg(z − h(r, t)), (12)
where p0 standing for the atmospheric pressure. If one integrates the x-
projection of the simplified Navier-Stokes equation (8) with the boundary
conditions : vr(r, z = 0, t) = 0 (no-slip) and ∂zvr)z=h = 0 (no-shear), one
finds:















The latter equation, in its present form, cannot be solved analytically. Nev-
ertheless, the geometry considered suggests to look for a self-similar solution
(see [3] and [7]) of the form h(r, t) = H(t)f(X), where X = rR(t) , and to
insert it in (14). The droplet volume Ω is given by:
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(f3(X)f ′(X) + 3Xf2(X)f ′2(X) +Xf3(X)f ′′(X))
As ∂rh)r=0 = 0, we havef
′(0) = 0, so a Taylor expansion for small X gives







3(0)f ′′(0). Because the





where C is a constant. By eliminating H(t) and Ḣ(t) in equation (16) by












As soon as one can neglect R(0) in front of R(t), the radius spreading law is
thus in t1/8 3.
3.2 Evolution of the spreading radius: the power-law case
Now that a method to study the droplet spreading has been established
for Newtonian fluids, let us apply it to non-Newtonian fluids and emphasize
the differences. Considering the geometry of the experiment and the same
approximations as previously enables to calculate α, and consequently ηeff




















We obtain that the pressure still follows a hydrostatic law and that the radial
velocity field is













3Note the difference with the well known Tanner law for which the surface tension is not
negligible and leads to an evolution law in t1/10. [12]
8 L. Devaud, M. Sellier and A.-R. Al-Behadili
(Note that setting n = 1 the equation (13) is recovered.) As in the Newtonian







vr(r, z, t)dz) = 0 (24)












)1/n) = 0 (25)
In the Newtonian case, the self-similar solution considered is h(r, t) = H(t)f(X),
where X = rR(t) . In the non-Newtonian case the latter no longer works as
it raises divergence when injected in (25). We find a new similarity solution
by looking at a self-similar variable with an exponent: h(r, t) = H(t)f(X),
where X = ( rR(t) )
β . We adjusted the value of β to eliminate the divergence







As soon as we can assume R(t)  R(0), the radius follows a power law
R(t) ≈ t
n
3n+5 . This behaviour is similar to the one reported in [16]. Thanks
to equation (26), it is possible to find out n from the spread radius of the
gravity current. It is unfortunately difficult to find out the value of K. Indeed
the function λ(n,K) depends on f(0) whose value is unknown.
4 Recovering the spreading laws though dimensional analysis
In the previous section the spreading laws have been derived exactly.
Nevertheless there exists an alternative method, based on dimensional analy-
sis, to quickly recover the expected behaviours. One should keep in mind that
the analysis that follows is just dimensional, done with hands, and does not
constitute a formal demonstration. The idea is just to write what physically
happens, in our case, when the droplet spreads. It is a competition between
pressure forces that make the droplet spread and viscous forces that resist
its motion. Writing the balance gives:
∂rp ≈ η4v (27)
We will evaluate this balance considering characteristic lengths and time.
The vertical length is referred to H and the horizontal one is referred to R.
The self-similar hypothesis also enables to write a relation between the two
characteristic lengths : Ω ≈ R2H = cst. Since the pressure is hydrostatic,
one has p ≈ ρgH.
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Substituting H by ΩR2 , one finds the law
ρg
η tΩ
3 ≈ R8, which is the expected
behaviour.
For the non-Newtonian case we also have to make explicit the depen-





















Substituting H by ΩR2 again, ones find the law
ρg
K Ω
2+ntn ≈ R3n+5, which is
also the expected behaviour.
5 Theoretical expressions applied to experimentally found
viscous parameters
5.1 Materials and methods
In order to complete the theoretical study presented before, we per-
formed some experiments with viscous and non-Newtonian fluids (glycerol
and silicon oils). We emphasize here that our aim is here to investigate how
the theoretical expressions derived can be applied to experimental measures
of non-Newtonian fluids viscosity. It only is a proof of principle with no
metrology pretence at this stage.
We worked with viscosities ranging from 10−1 to 104 Pa.s. Temperature
fluctuations around the working temperature of 20◦C were neglected as the
viscosities of the studied fluids undergo negligible variations around 20◦C. We
studied droplet spreading dominated by gravity effects. Initially contained in
a cylinder (its diameter is 73mm), the fluid is released when one removes the
cylinder: it is then free to spread. The droplet radius is monitored thanks to
a camera and a Matlab code which enables to track automatically the radius
on the set of pictures. See Figure 2.
5.2 Results
According to equation (26), the value of n should not depend on the
volume of the droplet. For this reason, we tested different volumes: V=76ml
(h=D/4), V=51ml (h=D/6), V=38ml (h=D/8).
In order to extract n from the curves, we plotted log(R) versus log(t).
Measuring the line slope, expected to be equal to n3n+5 , it is possible to extract
n. It appears, as expected according to formula (26), that the values of n do
not depend on the volume of the droplet. We found one slope for glycerol
(leading to n ≈ 0.3) spreading. All the silicone oil samples showed a more
complex behavior: a two-slope spreading (see Figure 3 and section 5.3 for
more explanations on the values and a more detailed uncertainty treatment).
In order to evaluate more quantitatively the two slope behavior, we use
a matlab code for linear regressions. We did two linear regressions with a
floating junction point. The value of this point is then fixed as the one which
minimizes errors corresponding to the two linear regressions.
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(a) Four pictures during the spead-
ing
(b) Global graph of evolution, stars refer to the pre-
vious pictured data.
Figure 2. Evolution of the droplet radius of Silicon oil when
released from the cylinder. The volume of the droplet is 38
ml.
(a) Only one slope yielding n ≈ 0.3. (b) Two slopes: n ≈ 0.5 at short times and
n ≈ 1 at long times.
Figure 3. Different behaviors for the glycerol and the sili-
con oil, the value of the slope(s) leads to n.
5.3 Discussion
In order to correctly derive n from the experimental data, one should
be careful. Glancing indeed at Figure 4, one can notice that in the region of
interest (the slope belonging to [0;1/3]) the evolution of n is very quick. This
makes the n extrapolation very sensitive.
However because the image treatment can be achieved very precisely (up
to 0.1mm) the main uncertainty source comes from the slope determination.
Let’s take an example (from measured data) to estimate the uncertainty on
n one can expect.
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Figure 4. Evolution of n with the measured slope. In the
region of interest the variation is quick, which makes the
extrapolation sensitive.
Because of the linear regression we get for one silicon oil measurement
(h = D/4), in the second line regression, slope = (0.13 ± 0.08)10−3m.s−1.
The n coefficient is then given by n = −5×slope3×slope−1 . The uncertainty propagation
gives us : n = 0.9 ± 0.2. With this numerical illustration, one can see how
precision degrades. This is a consequence of the slope determination which
is difficult. Another source of inaccuracy arises when one determines n from
the slope. In the example above, only one or two significant digits accuracy
could be achieved. A careful manipulation (yielding more precise measures)
should enable to improve precision on n value.
Let’s consider the two slopes behavior. One could argue that the reason
for the existence of two slopes is the following: at the beginning of the ex-
periment, the radius is not large enough in front of the initial radius, which
should prevent the radius from following the t
n
3n+5 law. But the fact that the
fit works for the glycerol solutions weakens this argument.
The change in the value of n looks like a time-dependent non-Newtonian
fluid behavior, akin to thixotropy. A fluid is said to be thixotropic fluid when
under a constant speed constraint, it experiences a decrease in viscosity with
time [4]. This behavior is explained by a structural evolution of the fluid (in
fact a de-structuration). This behavior fits very well silicone oils whose helical
structure enables them to stagger. Moreover thixotropic behavior already
have been observed in silicon oil [10, 9]. Thus one can interpret the first
slope as the re-arrangement of the polymer chains with one another and the
second slope as the spreading with re-arranged polymer chains. This second
step lasts at least for five hours (duration of the longest experiment we did
with it).
The explanation of why the thixotropic behavior only appears (at the
monitored time-scale) for silicon oils is that its structure reorganization time
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fits with the experiment’s duration. Considering the glycerol, its short molec-
ular length should enable an instantaneous reorganization.
6 Conclusion
Non-Newtonian fluids are often described with the Ostwald power-law.
We showed here that considering this power-law behavior and working in a
covariant formalism (all the more convenient because it is independent of
any choice of coordinate system), one can reach a generalized form of Navier-
Stokes equation. The Ostwald vector, which is added to the Navier-Stokes
equation to extend it to non-Newtonian fluids, is characterized by the Ost-
wald power-law exponent n. Solving the generalized Navier-Stokes equation
in cylindrical coordinates enables one to recover the well known spreading law
R ∝ t
n
3n+5 . It is interesting to note that this law can be recovered through
dimensional analysis too, a fact which does not appear to have been reported
in the literature before.
An interesting application of this spreading law is that it could enable
the estimation of the power law exponent n from fluid spreading experiments.
Experiments and an order of magnitude analysis show that this method has
an important limitation since very precise measurements are required in order
recover sufficiently accurate values of n. Further work is needed to confirm the
potential of this method which could be very valuable for flows of materials
which are not accessible or impossible to handle such as lava flows.
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